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Introduction

I N the fuel optimization of space trajectories, it is well known
that the totality of optimal thrust arcs consists of the null thrust

arc, a singular thrust arc, and the maximum thrust arc.1 If we limit
ourselves to piecewisecontinuousfunctions,the singular thrust arcs
are intermediate thrust arcs and allow the possibilityof thrust mod-
ulation, the most well known of these being the Lawden’s spiral.1

In most cases, the intermediate thrust arcs are not optimal because
of their failure to satisfy higher-order necessary conditions such as
the generalized Legendre–Clebsch condition (GLC). Hence, in the
determination of optimal space trajectories, one can formulate a
nonlinear version of the bang-bang principle, and what remains to
be determined for a given problem is the number of burns and the
switching structure. This is the standard problem.

The singular arcs discussed in the literature for exoatmospheric
space� ight areof order two. They are also partiallysingularbecause
only the thrust magnitude is singular while the steering is regular;
in fact, it is aligned with the primer vector. In many practical cases,
it may be more convenient to steer the vehicle differently than the
primer. Two classic examples of such guidance methods are geo-
centric and inertial steering.2 Recent research3,4 indicates that if the
steering is not optimal but prescribed a priori by, say, a state feed-
back law, then the resulting singular arc is dramatically modi� ed.
For example, because steering is no longer a control vector, it ren-
ders the problem totally singular. These steering-induced singular
arcs potentially satisfy the GLC and are of order one. Satisfaction
of the convexity condition makes these arcs a strong candidate for
an optimal subarc while the reduction in order renders them more
favorable to joining with a regular subarc vis-‘a-vis the McDanell–
Powers junction conditions.5

When the steering is tangential (i.e., parallel to the velocity vec-
tor), it yields an astonishinglysimple singular arc whose thrust pro-
gram Ts is given by3,4

Ts D mg sin c (1)

where m is the mass of the spacecraft; g D l / r 2, where l is the
gravitationalconstant; and r and c are the radial positionand � ight-
path angle, respectively. It is clear that (see Fig. 1) the singular
thrust is simply equal to a component of the gravitational force. In
this Note, we further describe this singular burn by deriving addi-
tional integrals of motion. The new integrals are used to derive the
controllable domain from which a circular orbit may be targeted
by singular thrusting. We also show that the singular thrust may be
interpretedas complementary to the impulsiveburn. The results are
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applied to the problem of transferring a spacecraft from an initial
elliptical orbit to a � nal nonintersectingcircular orbit.

Further Analysis of the Singular Trajectory
The equations of motion along and perpendicularto the velocity

are

Pv D (T / m) ¡ g sin c (2a)

Pc D [(v2/ r) ¡ g](cos c / v) (2b)

where v is the speed of the spacecraft.Clearly, over a singular thrust
arc, we have

v D const (3)

An additional integral of motion can now be obtained by using this
result and the kinematical relationship

Pr D v sin c (4)

as follows. Dividing Eq. (4) by Eq. (2b), we have

dr

d c
D v2 sin c / cos c

v2/ r ¡ l / r 2
(5)

which is a separable differential equation because we can rewrite it
as

v2

r
¡

l

r 2
dr D ¡v2 d(cos c )

cos c
(6)

to yield

v2 r C ( l / r ) D ¡v2 cos c C A (7)

where A is a constant of integration that yields a family of singular
trajectories. This simpli� es to

v2 (r cos c ) C ( l / r) D A (8)

The preceding equation can be written more succintly in terms of
the angular momentum, h D rv cos c , as

(h/ h0) D ( l / v2)[(1/ r0) ¡ (1/ r)] (9)

where (r0 , h0) is a point on the singular arc. In deriving this equa-
tion, we have used the fact that v D const. Thus, a singular burn
rotates the velocity vector while raising the orbit. From an energy
point of view, singular thrusting affects only the potential energy,

Fig. 1 Singular thrust
program, Ts = mgs° .
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leaving the kinetic energy intact. In this sense, it may be viewed
as complementary to the impulsive delta-V maneuver that affects
only the kinetic energy leaving the potential energy intact. An exact
equation relating the change in the potential energy to the propellant
consumption may be obtained by substituting T D Ts in the rocket
equation,

Pm D ¡
T

ve
D ¡

mg sin c

ve

(10)

where ve is the rocket exhaust speed. Combining this with Eq. (4),
we arrive at a separable differential equation,

Pm D ¡
m l Pr
r 2vev

(11)

that integrates to

(m) D ( l / vev)[(1/ r) C B] (12)

where B is a constant of integration.If we let (r0 , m0) be a point on
the singular arc, then we can rewrite the preceding equation as

(m0/ m) D ( l / vev)[(1/ r0) ¡ (1/ r)] (13)

or in terms of the characteristicvelocity c,

c D ve (m0/ m) D ( l / v)[(1/ r0) ¡ (1/ r )] (14)

Targeting a Circular Orbit
If a circular orbit can be reachedby a singular trajectory, then the

following conditions must be met:

v0 D v f (15a)

A D v2
f (r f ) C ( l / r f ) (15b)

where the subscripts 0 and f denote initial and � nal conditions,
respectively. Equations (8) and (15) yield a compact condition for
a point on the initial elliptic orbit in terms of the � ight-path angle
given by

cos c 0 D
exp(1 ¡ 1/ k2)

k2
(16)

where k is the Kepler number, de� ned as the ratio of the initial speed
to the local circular speed,

k D v0/ vc vc D l / r0 (17)

Note that we must have k < 1 to perform this maneuver (because
v D const and the orbit is being raised). The controllablestates, and
hence the initial elliptic orbit, from which a circular target orbit can
be reached by a singular burn can be parameterized by the Kepler
number. Because

r0 D k2r f (18)

Equations (15a), (16), and (18) determine a unique point on the
initial orbit [because c 0 > 0; cf. Eq. (1)] whose orbital parameters
followfromstandardconicequations.Thus, if the initialand � nalor-
bits meet these conditions,a singular transfer orbit can be designed.
Using the results of Ref. 3, it can be shown that for the time-free
problem this totally singular transfer orbit is not fuel optimal due to
its failure to satisfy the terminal transversalityconditions.However,
this does not eliminate the singular arc as a potential candidate for
optimalityunder a different switching structure that terminateswith
a nonsingularburn. Further, the nonoptimality does not necessarily
hold for the time-� xed problem. Compounding this complication is
the fact that the maximum principle provides only a binary test on
the optimalityof a given trajectory.That is, the necessaryconditions
do not indicate whether or not a given trajectory, if nonoptimal, is
close to the optimal. Here, we use the word close in the sense of the
performance index. One way to handle these theoretical drawbacks
is to resort to numerical analysis.Lawden’s recent numerical study6

shows that, althoughhis second-ordersingulararc is nonoptimal,it is
generallywithin 1% of the cost of the best two-impulsivemaneuver.

Fig. 2 Transfer orbit by a singular burn; ordinate and abscissa are in
meters.

Motivated by this analysis, we numerically investigate the problem
of transferring a spacecraft by a singular burn and compare it to a
two-impulse maneuver.

Numerical Example
Consider the problem of transferring a spacecraft from an ini-

tial elliptical orbit given by a D 28,700 km and e D 0.2846 to a
coplanar geosynchronousorbit given by a D 42,164 km and e D 0.
The initial orbit parameters are chosen so that a totally singular or-
bit transfer is a feasible maneuver. The two-impulse Hohman type
maneuver consists of a delta-V at the perigee of the initial orbit
followed by a circularizationdelta-V at geosynchronousEarth orbit
(GEO). The characteristic velocity for this maneuver is 702.5 m/s.
A singularorbit transfer is a continuousburn starting at that point on
the initial orbit where the speed is equal to 3075 m/s and ending at
GEO (see Fig. 2). This point is h D 143.15 deg, where h is the true
anomaly. The characteristicvelocity for this maneuver is 721.2 m/s.
Obviously, the impulsive maneuver is more ef� cient. However, the
difference in the characteristicvelocity is only 18.7 m/s (or equiva-
lently about 2.7%). Clearly, it is more suboptimal than nonoptimal.
A different switching structure, one that does not terminate with
a singular arc, holds the potential for reducing the characteristic
velocity. Further, if the performance measure were to include the
transfer time, it is apparent (see Fig. 2) that a singularburn might be
a subarc, for example, a singular arc that does not target a circular
orbit followedby an impulsiveburn at GEO to complete the rotation
of the velocity. That analysis is beyond the scope of this Note but is
a subject of current research.

Conclusions
Singulararcsarising in the optimizationof space trajectorieswere

previously thought to be of order two. When the steering is pre-
scribed a priori, it yields new singular arcs that are of order one.
The analysis of one such � rst-order singular arc shows that it may
be used to design suboptimal orbit transfers. A time-� xed optimal
maneuver might contain a singular subarc. A detailed analysis of
these steering-induced singular arcs is necessary to fully explore
alternative mission designs.
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I. Introduction

M ANY compact analytical expressions currently exist to de-
scribe the orbit evolution of low-thrust transfer vehicles.

These expressions are particularly useful for preliminary analysis
of both vehicle and mission-designconcepts. In particular,compact
expressionsexist for both orbit radius1,2 andpolarangle,2 alongwith
the well-known Edelbaum solutions3 for D v costs during optimal
transfer. These solutions have also been extended by Wiesel and
Alfano.4

Many low-thrust transfer vehicle applications center on payload
orbit raising.5,6 For solar-electric vehicles, eclipse conditions are
clearly of importance. Therefore, nodal precession is important
during preliminary mission design. In addition, other applications
of low-thrust transfer vehicles for polar satellite servicing7 require
the vehicle to align the nodes of its orbit with the target satellite.
Again, nodal precessionis clearlyof signi� cant importance for such
applications.

The dynamics of a low-thrust orbital transfer vehicle are consid-
eredundertheactionofnodalprecessioncausedbyEarthoblateness.
The vehicle also generates an out-of-plane acceleration to contin-
uously change the orbit inclination during the transfer maneuver.
Because both the transfervehiclesemimajor axis and inclinationare
changing, the oblateness-inducednodal precessionwill be strongly
coupled to the orbit evolution of the low-thrust vehicle. Therefore,
a set of coupled, variational equations are derived, which may be
averaged to obtain the long-termevolution of the low-thrust vehicle
orbit with both nodal precession and thrust-induced accelerations.
The resulting coupled equations may then be solved sequentially
to obtain approximate analytic solutions for semimajor axis, true
anomaly, inclination,and ascendingnode angle, thus compactlyde-
scribing the orbit evolution of the low-thrust vehicle.

II. Vehicle Dynamics
For a low-thrust-to-weight ratio vehicle with a high-speci�c-

impulse propulsion system, the reduction in vehicle mass due to
propellantdepletionmay be neglected.Therefore, the transfer vehi-
cle will be modeled with a constant, thrust-induced acceleration e .
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Fig. 1 Schematic orbit geometry with ascending node N and descend-
ing node N 0 .

This acceleration is directed along the vehicle velocity vector, but
is pitched at an angle b relative to the orbit plane (Fig. 1). Again,
assuming a low-thrust-to-weightratio vehicle, the outward spiral is
quasicircular.The orbit radius may then be replacedby the semima-
jor axis under the assumptionthat the orbit eccentricityis negligible.
Under these conditions the Lagrange–Gauss variational equations8

become
da

dt
D 2 e

p
l

cos b a
3
2 (1a)

d h

dt
D

l

a3
(1b)

d \

dt
D e sin b

a

l

sin h

sin i
¡ 3

2

Nn J2 R2 cos i

a2

(1c)

Nn D
l

a3
C O( J2)

di

dt
D e sin b

a

l
cos h (1d)

where a represents the semimajor axis, h the true anomaly, \ the
ascending node, i the orbit inclination, and l the gravitational pa-
rameter. In addition, R represents the radius of the Earth and J2

the oblateness parameter. It can be seen that Eq. (1c) contains both
Earth oblateness- and thrust-inducedprecessions.

These equations may now be averaged with respect to true
anomaly to obtain the long-period motion using the averaging
operator

hzi D 1

2 p

2 p

0

z dh (2)

Assuming that the out-of-plane thrust angle b is a function of true
anomaly only and the change in elements during each orbit is small,
the averaging operator may be applied to Eqs. (1) to yield
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D

e

p
p

l
a

3
2

2p
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